Rules for integrating miscellaneous algebraic functions

u
1.j dx
e‘\/a+bx +f'\/c+dx

u
1:j dx whenbc-ad#0 A ae’-cf2==0
eVa+bx +fVec+dx

Derivation: Algebraic expansion

BaS|S: |f a e2 - C 'FZ -= @, then 1 .. € Va+bx = _aVecsdx
a+bx+fm e (bc-ad) x f (bc-ad) x

Rule1.3.3.1.1:If bc-ad +0 A ae?-cf?=0,then

u (4 uVa+bx a uV?TF;
J dx — J‘ dx - J dx
eva+bx +fVc+dx e(bc-ad) X f(bc-ad) x

Program code:

Int[u_/(e_.+Sqrt[a_.+b_.+x_]+f_.xSqrt[c_.+d_.*x_]),x_Symbol] :=
c/ (ex (bxc-axd)) »Int [ (uxSqrt[a+bsx]) /X,x] - a/(fx(bxc-axd))+Int[ (uxSqrt[c+d=x])/x,x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[axe2-cxf~2,0]



Rules for miscellaneous algebraic functions

u
2:[ dx whenbc-ad#0 A be?-df2=0
e\/a+bx

+fFVec+dx

Derivation: Algebraic expansion

Basis: If b e? - d 2 == 9, then 1 - _ 4Yabx  bVeudx
evVarbx +FVcrdx e (bc-ad) f (bc-ad)
Rule1.3.3.1.2:If bc-ad +0 A be?-df? == 9, then
J. 4 dlx—»-#fu\/a+bx dlx+;Jch+dx dx
eVa+bx +fVc+dx e(bc-ad) f(bc-ad)

Program code:

Int[u_/(e_.*Sqrt[a_.+b_.*x_]+f_.+Sqrt[c_.+d_.*x_]),x_Symbol] :=
-d/ (ex (bxc-axd) ) *Int [uxSqrt[a+bxx],x] + b/(f*(b*c—a*d))*Int[u*Sqr‘t[c+d*x],x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[bxe”2-dxf2,0]



Rules for miscellaneous algebraic functions

u
3:[ dx whenae?-cf>2#0 A be?-df?+0
eVa+bx

+fFVec+dx

Derivation: Algebraic expansion

BaSIS: 1 eVa+bx fVcdx

evVarbx +fVecrdx T aeic f2+(be?-df?) x  ae’-cf?+(be?-df?) x

Rule1.3.3.1.3:If ae?-cf2+0 A be?-df? + 9,then

dx

u uVa+bx uVc+dx
j dlx—»eJ- ) dlx—-FJ-
X

evVasbx +fVecedx ae’-cf’+ (be?-df? ae’-cf’+ (be’-df?) x

Program code:

Int[u_/(e_.xSqrt[a_.+b_.*x_]+f_.xSqrt[c_.+d_.*x_]),x_Symbol] :=
exInt [ (uxSqrt[a+b*x] )/(a*e"2—c-rF"2+ (b*e"Z—d*f"Z) *x) ,x] -
fxInt[ (uxSqrt[c+dsx])/(axer2-c+f 2+ (bxer2-d+F 2) xx),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[axe”2-c»f*2,0] & NeQ[bxe"2-d+f"2,0]



Rules for miscellaneous algebraic functions

u
Z.J dx
dx"+cVa+bx2n

1: J dx whenbc?-d?==0
dx"+c a+bx

Derivation: Algebraic expansion

Basis: If b c2 - d2 == @, then ——2— . _ex, Jamer
dx"+c\ a+bx2" ad ac
~ Rule1.3.3.2.1:1f b c? - d2 = @, then
u b
dx — -— |ux" dlx+— uya+bx?" dx
J‘dX"+c‘Va+bx2" adj

Program code:

Int[u_./(d_.*x_"n_.+c_.*Sqrt[a_.+b_.*x_"p_.]1),x_Symbol] :=
-b/ (axd) *Int [uxx*n,x] + 1/ (a*c)*Int[uxSqrt[a+bxx”(2xn)]1,x] /;
FreeQ[{a,b,c,d,n},x] &% EqQ[p,2*n] && EqQ[bxc”2-d"2,0]



Rules for miscellaneous algebraic functions

Xm
Z:J dx whenbc?-d2#0

dx"+cVa+bx2"

Derivation: Algebraic expansion

Basis: 1 dx" + c\ a+b x2"

dx"+cm ac?+(bc?-d?) X" ac?+(bc?-d?) x*"
Rule 1.3.3.2.2:If b ¢? - d® # 0, then

m m+n
X

X
J dx —)—df
dx"+cVa+bx?" aC2+(bc2—d2)x2“

Program code:

Int[x_"m_./(d_.*x_“n_.+c_.xSqrt[a_.+b_.*x_“~p_.]),x_Symbol] :=
—-d*Int[x" (m+n) / (a*c 2+ (bxc” 2-d"2) xx* (2%n) ) ,X] +
cxInt[ (x*mxSqrt[a+bxx” (2xn)]) / (a*c”2+ (b*c”2-d*2) *x” (2xn) ) ,Xx] /;
FreeQ[{a,b,c,d,m,n},x] && EqQ[p,2*n] && NeQ[bxc”~2-d"2,0]

dlx+cf

x"Va+bx?"

ac’+ (bc?-d?)x?"

dx



Rules for miscellaneous algebraic functions

1
X

3.J d
(a+bx3) Vd+ex+ fx?
1
1:J\ d]xwhen§>0
(a+bx3) Vd+ex+fx?

Derivation: Algebraic expansion
i 1f 0 _ [(a)\l/3 1 r r(2r-sz)
Basis: If s ( b > ’then a+bz®  3a (r+sz) 3a (r2_rsz+52 22>

B 1/3
Rule1.3.3.3.1:1f 2 > @,let * = (2) /3 then
J 1 r 1 r J 2r-sx
dx — — dx + — dx
(a+bx3) 3aJ (risx) Vdrex+Fx2 3a (PP-rsx+s2x?) Vd+ex+fx?

Vd+ex+fx?

Program code:
Int[1/((a_+b_.*x_"3)+Sqrt[d_.+e_.*x_+f_.*x_~2]),x_Symbol] :=
With[{r=Numerator [Rt[a/b,3]], s=Denominator[Rt[a/b,3]]},
r/ (3xa) *xInt [1/( (r+s*x) *Sqrt [d+e*x+f*x"2] ) ,x] +
r/ (3+a) xInt[ (2+r-sxx) /((r*2-rss«x+s"2xx"2) +Sqrt [d+exx+f*x"2]),x]] /;

FreeQ[{a,b,d,e,f},x] && PosQ[a/b]

Int[1/((a_+b_.*x_"3) +Sqrt[d_.+f_.+x_"2]),x_Symbol] :=
With[{r=Numerator[Rt[a/b,3]], s=Denominator[Rt[a/b,3]]},

r/ (3=a) xInt [1/( (r+s*x) *Sqrt [d+f*x"2] ) ,x] +
r/(3*a)*Int[(z*r—s*x)/((PAZ—r*s*x+sA2*xA2)*Sqrt[d+f*xA2]),x]] /3

FreeQ[{a,b,d,f},x] & PosQ[a/b]



Rules for miscellaneous algebraic functions

1 a
2: c’llxwhen;}@
(a+bx?) Vd+ex+fx?

Derivation: Algebraic expansion
fe. r _ (_a\1l/3 1 - r r(2r+sz)
Basis: If s ( b> , then atbz®* = 3a (r-sz) 3a (r?+rsz+s? z2

1/3
) /3 then
2r+sx
dx

. a r _ a
Rule1.3.33.2:If 2 » 0,let & = (-2
r 1 rJ\
dx + —
(r‘2+r‘sx+szx2)\/d+ex+-Fx2

J 1
dx — —
(a+bx?) Vd+ex+fx? 3aJ (posx) Vdrex+Fx2 3a

Program code:
Int[1/((a_+b_.*x_"3) xSqrt[d_.+e_.xx_+f_.*x_"2]),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,3]], s=Denominator[Rt[-a/b,3]11},
r/ (3xa) *Int[1/( (r-s«x) *Sqrt[d+esx+f+x*2]),x] +
r/ (3xa) »Int| (2*r+s*x)/( (P 241 #S#X+572xx"2) #Sqrt [d+exx+f*x"2]),x]] /;

FreeQ[{a,b,d,e,f},x]| && NegQ[a/b]
Int[1/((a_+b_.*x_"3)+Sqrt[d_.+f_.*x_"2]),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,3]], s=Denominator[Rt[-a/b,3]11},

r/ (3xa) +Int[1/((r-s=x) «Sqrt[d+f+x~2]),x] +
r/ (3%3) +Int[ (24r+s%x) / ( (P 2+rassx+s"2xx"2) xSqrt [defxx~2] ) ,x]] /3

FreeQ[{a,b,d,f},x] & NegQ[a/b]



Rules for miscellaneous algebraic functions

A+Bx*
4: dx whenaB+Ac=0 A cd-af=0
(d+ex?+fx*) Va+bx?+cx*

Derivation: Integration by substitution

Basis:If aB+Ac =0 A cd-af=9,then —— == A Subst [ —1 x ) x

(d+ex?+f x*) \/ a+b x2+c x* d-(bd-ae) x* © \/a+bx2+c x4
Rule1.3.34:If aB+Ac=0 A cd-af == 0,then

x
\/a+b x2+c x*

A+Bx* 1 X
dx — ASubst[J‘—2 dx, X, —]
(d+ex?+fx*) Va+bx?+cxt d-(bd-ae)x Va+bx2+cxt

Program code:

Int[u_=* (A_+B_.*x_"4) /Sqrt[v_],x_Symbol] :=
With[{a=Coeff[v,x,0],b=Coeff[v,x,2],c=Coeff[v,x,4],d=Coeff[1/u,x,0],e=Coeff[1/u,x,2],f=Coeff[1/u,x,4]},
AxSubst[Int[1/ (d- (bxd-axe) *x"2) ,x],Xx,x/Sqrt[v]] /;

EqQ[a»B+Axc,0] 8& EqQ[cxd-a+f,0]] /;

FreeQ[{A,B},x] && PolyQ[v,x"2,2] && PolyQ[1/u,x”"2,2]



Rules for miscellaneous algebraic functions

1
5:j dx
(a+bx) Ve+dx2 Ve+fx?

Derivation: Algebraic expansion

Basis; &+ - —a_ _ _bx

a+b x a?-b?2 x2 a?-b? x?

Rule 1.3.3.5:

1 1 X
J dlx—»aJ\ dlx—bJ dx
(a+bx) Ve+dx® Ve+fx? (az—bzxz)\/c+dx2 Ve+fx2 (az—bzxz)\/c+dx2 Ve+fx2

Program code:

Int[1/((a_+b_.*x_)+Sqrt[c_+d_.xx_"2]+Sqrt[e_+f_.+x_~2]),x_Symbol] :=
axInt[1/((a*2-b"2xx"2) xSqrt [c+d«x 2] +Sqrt[e+f»x"2]),x] - bxInt[x/((a*2-b"2xx"2) *Sqrt[c+d«x 2] *Sqrt[e+f+x*2]),x] /;
FreeQ[{a,b,c,d,e,f},x]

n
6. Ju [d+ex+f\/a+bx+cx2] dx when d?>-af?=:-0
1: J(g+hx)\/d+ex+f\/a+bx+cx2 dx when (eg-dh)2-f?>(cg’-bgh+ah®) =0 A 2e?g-2deh-f> (2cg-bh) =0

Author: Martin Welz via email on 21 July 2014

Derivation: Integration by substitution

Rule1.3.36.1:1f (eg-dh)?-f> (cg?-bgh+ah?) =0 A 2e?’g-2deh-f> (2cg-bh) ==0,then

J(g+hx) \/d+ex+-F\/a+bx+cx2 dx —




Rules for miscellaneous algebraic functions

1
2|f(5bcg’-2b*gh-3acgh+2abh?) +cf (10cg’-bgh+ah?)x+9c*fghx’+3c?fh’x>- (eg-dh) (5cg-2bh+chx) \la+bx+cx2)

\/d-rex-+f \ a+bx+cx?

15¢2f (g+hx)

Program code:

Int[(g_.+h_.#x_)#Sqrt[d_.+e_.#x_+f_.*Sqrt[a_.+b_.*x_+c_.*x_"2]],x_Symbol] :=
2*(f*(S*b*c*gAZ—Z*bAz*g*h—3*a*c*g*h+2*a*b*hA2)+c*f*(10*c*gA2—b*g*h+a*hA2)*x+9*cA2*f*g*h*xA2+3*cAZ*f*hAz*xAB—
(exg-dxh) » (5xcxg-2xbxh+cxhxx) *Sqrt[a+b*x+c*x"2] )/
(15%c 2 fx (g+hxx) ) #Sqrt [d+exx+FfxSqrt [a+bsx+cxx 2]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & EqQ[ (exg-dxh)"2-f"2« (cxg"2-bxgxh+axh"2),0] & EqQ[2+e"2+g-2xdxexh-f"2« (2xcxg-bxh),0]

2: f(g+hx)’"(u+f(j+k\/7))"dlx whenu=d+ex A v==a+bx+cx? A (eg—h(d+1:j))2—-F2k2 (cg?-bgh+ah?) =0

Derivation: Algebraic normalization
Rule133.62:f u=d+ex Av=a+bx+cx* A (eg-h(d+fj))2-f>k* (cg’-bgh+ah?) =0,then

j(g+hx)m(u+f(j+kW))ndx — j(g+hx)’"(d+fj+ex+fk‘\/a+bx+cx2) dx

Program code:

Int[(g_.+h_.#x_ ) m_.* (u_+Ff_.#(j_.+k_.*Sqrt[v_]))~n_.,x_Symbol] :=
Int [ (g+h*x) ~mx (ExpandToSum[u+f+j,x] +fxkxSqrt [ExpandToSum[v,x]])"n,x] /;
FreeQ[{f,g,h,j,k,m,n},x] & LinearQ[u,x] && QuadraticQ[v,x] &&
Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x] & (EqQ[j,@] || EqQ[f,1])] &&
EqQ[ (Coefficient[u,x,1] xg-h« (Coefficient [u,X,0] +fxj))"2-f 2xk" 2« (Coefficient[v,X,2] xg"2-Coefficient[v,x,1] xg+h+Coefficient[v,x,0]*h"2),0]

n
7. Ju [d+ex+f’\/a+bx+cx2] dx when e? -c f2=:0



Rules for miscellaneous algebraic functions

1
X: J dx when e?-cf?==0

d+rex+fVa+bx+cx?

Derivation: Algebraic expansion

. _ 2 / 2
Basis: If e2 - ¢ 2 -- 0, then 1 . d+ex-fva+rbx+cx® __ d+e x B fVa+bx+cx
dre x+f v/ aib x+c X2 d?-af?+(2de-bf?) x d?>-af?+(2de-bf?) x  d*-af?+(2de-bf?) x

Note: Unfortunately this does not give as simple an antiderivative as the Euler substitution.

Rule 1.3.3.7.x: If e? - c 2 == 9, then
1 d+ex Va+bx+cx?
j dx — dlx—fj dx
direx+fVas+bx+cx? dz—af2+(2de—bf2)x dz—af2+(2de—bf2)x

Program code:

(* Int [1/(d_.+e_. *X_+F_.*Sqrt[a_.+b_.*x_+c_.*x_"2] ) ,x_Symbol] 5=
Int [ (d+e*x)/(d"2—a*f"2+ (2*d*e—b*f"2) *X) ,X] -
fxInt[Sqrt [a+bxx+cxx"2]/ (d*2-axFf 2+ (24dxe-bxf"2) #x) x| /3
FreeQ[{a,b,c,d,e,f},x]| && EqQ[e"2-cxf2,0] *)

(» Int[1/(d_.+e_.*x_+f_.#Sqrt[a_.+c_.+x_"2]),x_Symbol] :=
Int [ (d+exx) /(d"2-a*f 2+2xdxexx),x]| -

fxInt[Sqrt[a+cxx2]/(d*2-axf 2+2+dxexx),x] /;
FreeQ[{a,c,d,e,f},x]| 8& EqQ[e”2-cxf*2,08] x)

n\p
1. j(g+h(d+ex+f\/a+bx+cx2] ] dx when e? - ¢ 2 ==
n\p
1: J[g+h (d+ex+f’\/a+bx+cx2] ] dx whene?-cf?>=0 A pez

Derivation: Integration by substitution

Basis: If e? - ¢ 2 == 9, then



Rules for miscellaneous algebraic functions

(d>e-(bd-ae) f2- (2de-b ) x+e x?)
(—2de+bf2+2ex>2

12 Subst[

Note: This is a special case of Euler substitution #2

Rule1.3.3.7.1.1:1f e2 - c f?> == @ A p € Z, then

n\p (g+hx")? (d?e- (bd-ae) f2- (2de-bf?) x+ex?)
J(g+h(d+ex+f\/a+bx+cx2) ) dx — ZSubst[J dx, X, d+ex+f\/a+bx+cx2]

(—2de+b-|:2+2ex)2

Program code:

Int[(g_.+h_.#(d_.+e_.*x_+f_.+Sqrt[a_.+b_.«x_+c_.*x_"2])"n_)"p_.,x_Symbol] :=
2*Subst[Int[(g+h*xAn)Ap*(dAZ*e—(b*d—a*e)*fAZ—(Z*d*e—b*f“z)*x+e*xA2)/(—Z*d*e+b*fA2+2*e*x)Az,x],x,d+e*x+f*5qrt[a+b*x+C*xA2]] /3
FreeQ[{a,b,c,d,e,f,g,h,n},x]| && EqQ[e”2-cxf~2,0] & IntegerQ[p]

Int[(g_.+h_.#(d_.+e_.*x_+f_.+Sqrt[a_+c_.*x_"2])"n_)"p_.,x_Symbol] :=

1/ (2xe) xSubst [Int [ (g+hxx”~n) ~px (d"2+a*f"2—2*d*x+x"2)/(d—x) "2,x] s X,d+exx+fxSqrt[a+cxx”2] ] /3
FreeQ[{a,c,d,e,f,g,h,n},x] & EqQ[e~2-cxf"2,0] && IntegerQ[p]

2: J(g+h (u+fW)n)pdx whenu=d+ex Av=a+bx+cx? Ae2-cf’=0 A pez

Derivation: Algebraic normalization

Rule1.33.7.1.2:If u==d+ex Av=a+bx+cx* A e?-cf?>=0 A pez,then

J(g+h(u+fﬁ)n)pdx — J(g+h(d+ex+fm)n)pdx

Program code:

Int[(g_.+h_.*(u_+f_.Sqrt[v_])~n_)~p_.,x_Symbol] :=
Int[ (g+h« (ExpandToSum[u,x] +f*Sqrt [ExpandToSum[v,x]])"n)~p,x] /;

FreeQ[{f,g,h,n},x] & LinearQ[u,x] & QuadraticQ[v,x] && Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x]] &&
EqQ[Coefficient[u,x,1]~2-Coefficient[v,x,2]+f*2,0] & IntegerQ[p]

, X, d+ex+f\/a+bx+cx2}c’5x (d+ex+1c\/a+bx+cx2

12



Rules for miscellaneous algebraic functions

n
2: J(g+hx)'" (ex+f’\/a+cxz] dx whene?-cf2=20 Amez

Derivation: Integration by substitution

Basis: If e2 - c f2==0 A me Z, then

af2ix?) (—afihi2egx+hx?)"
(g+hx)m:2m+fm5ubst{( ) N ex ),x,ex+f\/a+cx2}ax

Note: This is a special case of Euler substitution #2

ex+fala+cx?

Rule 1.3.3.7.2:If e2 - c f2 == @ A m € Z, then

n
J(g+hx)"‘ (ex+f’\/a+cx2] dx —

Subst[‘J\x"'“"2 (af?+x?) (-af?h+2egx+hx®)"dx, x, ex+fVa+cx’ ]

2m+1 em+1

Program code:

Int[(g_.+h_.#x_ ) m_.+(e_.#x_+f_.xSqrt[a_.+c_.*x_"2])"n_.,x_Symbol] :=
1/ (2" (m+1) xe~ (m+1) ) xSubst [Int [x" (n-m-2) % (a*-F"2+x"2) * (—a*f"Z*h+2*e*g*x+h*x"2) "m,x] yX,exx+fxSqrt[a+cxx"2] ] /3
FreeQ[{a,c,e,f,g,h,n},x] & EqQ[e~2-c+f~2,0] && IntegerQ[m]

13



Rules for miscellaneous algebraic functions 14

n
. P s 2\ N 2 2 2 __ i i
3 | xP (g+1ix?) {ex+-F a+cx ) dx whene?-cf?==0 A cg a1--0A(p|2m)eZA(meZVC>0)

Derivation: Integration by substitution

Basis:If e -cf>=@0 Acg-ai=@A (p|2m) cZ A (MeZ V i—>0),then

p C L2\ iymop 2\m
X <g+1x) __<C> X (a+cx) ==
iym —af2ix2)P (g f2x2)2™t \/7
22m+p+11ep+1 .FZm (%) SUbSt|: < ))(ZmEerZ ) 5] X) e X+ -F a+ C X2 :| @X

Note: This is a special case of Euler substitution #2

ex+Ff/a+cx?

Rule1.33.7.3:fe?-cf?==0 Acg-ai=0 A (p|2m) €Z A (MeZV i—>0),then

1 m
jxp (g+ix2)'" (ex+-F\/a+cx2 )ndlx — _r [1] Subst[J‘x“‘z’"‘p‘2 (—a-F2+x2)p (af2+x2)2m+1dlx, X, ex+fya+cx? ]

22 m+p+1 ep+1 .FZ m c

Program code:

Int[x_"p_. (g_+i_.*x_"2)" m_.x (e_.*x_+f_.*Sqrt[a_+c_.*x_"2]) n_.,x_Symbol] :=
1/ (2~ (2+m+p+1) xe” (p+1) xF2 (2xm) ) x (i/c) AmxSubst [Int [x" (N-24m-p-2) » (-axF 24X 2) Apx (axF 2+x"2) A (24m+1) ,X| ,X, exx+FxSqrt [a+cxx"2]] /;
FreeQ[{a,c,e,f,g,i,n},x] & EqQ[e"2-c+f"2,0] & EqQ[cxg-ai,0] 8&& IntegersQ[p,2+m] & (IntegerQ[m] || GtQ[i/c,@])

n
4. J‘(g+hx+ix2)m (d+ex+f\/a+bx+cx2) dx when e? - ¢ 2 =
n s
1: J(g+hx+ix2)m (d+ex+f\/a+bx+cx2) dx whene?-cf?=0 Acg-ai=0 Ach-bi=0A2mez A (mez v f>0)

Derivation: Integration by substitution

Basis:If e2-cf2==0 Acg-ai=0@Ach-bi=0A2mez A (mez Vv I>0),then



Rules for miscellaneous algebraic functions

(g+hx+1ix?)" = (1)" (a+bx+cx?)" = 2 (L)"

(dz e-(bd-ae) f2- (2 de-b 'F2> X+e X2>2m+1

Subst
(-2de+bf2i2ex)? ™Y

, X, d+ex+1c\/a+bx+cx2}@X(d+ex+f\/a+bx+cx2

Note: This is a special case of Euler substitution #2

Rule133.74.1:ife’-cf?=0 Acg-ai=0Ach-bi=0A2mez A (mez Vv I>0),then

. n 2 (1" x" (d*e- (bd-ae) f2- (2de-bf?) x+ex?)*"?
J(g+hx+ix2) (d+ex+f\/a+bx+cx2) dlx—»T(—) Subst[J dlx,x,d+ex+f\/a+bx+cx2]
.Fm

c (—2de+bf2+2ex)2("”1)

Program code:

Int[(g_-+h_.s#x_+i_.*x_"2)"m_.#(d_.+e_.*x_+f_.#Sqrt[a_.+b_.«x_+c_.*x_"2])*n_.,x_Symbol] :=
2/-F"(2*m)*(i/c)"m*
Subst [Int [x"n* (d"Z*e— (bxd-axe) xf"2- (Z*d*e—b*f"Z) *x+e*x"2) n (2*m+1)/(—Z*d*e+b*f"2+2*e*x) A (2% (m+1)) ,X] yX,d+exx+fxSqrt[a+bsx+cxx"2] ] /5
FreeQ[{a,b,c,d,e,f,g,h,i,n},x] && EqQ[e"2-c#f"2,0] && EqQ[c+g-axi,0] && EqQ[cxh-bxi,@] & IntegerQ[2+m] && (IntegerQ[m] || GtQ[i/c,O])

Int[(g_+i_.*x_"2) m_.x(d_.+e_.*x_+f_.#Sqrt[a_+c_.xx_"2])"n_.,x_Symbol] :=
1/(2" (2xm+1) xexf~ (2xm) ) * (i/c) Amx
Subst [Int [x"n* (d"2+a*-F"2—2*d*x+x"2) n (2*m+1)/(—d+x) A (2% (m+1)) ,x] sX,d+exx+fxSqrt[a+c*xx”2] ] /5
FreeQ[{a,c,d,e,f,g,i,n},x] && EqQ[e~2-cxf"2,0] 8&& EqQ[c+g-a+i,0] & IntegerQ[2+m] & (IntegerQ[m] || GtQ[i/c,e@])

n .
2. J(g+hx+ix2)m(d+ex+f’\/a+bx+cx2] dx whene?-cf2==0 A cg-ai=0A ch-bi==e/\m+§ez I
n .
1: J(g+hx+ix2)'“(d+ex+f\la+bx+cx2] dx whene?-cf?==0 A cg-ai=0A ch—bi::OAm+%eZ*A Zye

Derivation: Piecewise constant extraction

Basis:If cg-ai=0 A ch-bi- 0, then o, Yeshwiv _ o
\ a+b x+c x?

Rule133.7421:1fe’-cf?=0Acg-ai=08Ach-bi=0Am+2cz A i—}@,then



Rules for miscellaneous algebraic functions

n i\™: Vg+hx+ix? n
j(g+hx+ix2)m(d+ex+f\/a+bx+cx2) dx — (—] SErAXEIX (a+bx+cx2)'"(d+ex+f\/a+bx+cx2) dx
¢ Va+bx+cx?

Program code:

Int [ (g_. +h_.xx_+i_. *x_"Z) Am_. (d_. +e_.xx_+f_.*xSqrt[a_.+b_.*Xx_+c_.*x_"2] ) n_. ,X_Symbol] =
(i/c)~(m-1/2) +Sqrt[g+hxx+ixx"2] /Sqrt [a+bsx+c+x 2] +Int [ (a+bxx+C*x"2) "m (d+exx+FxSqrt[a+bsx+cxx*2]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,n},x] && EqQ[e"2-c+f"2,0] && EqQ[c+g-a+i,0] && EqQ[cxh-bxi,0] & IGtQ[m+1/2,0] && Not[GtQ[i/c,0]]

Int[(g_+i_.*x_"2)"m_.x(d_.+e_.*x_+f_.«Sqrt[a_+c_.*x_"2])"n_.,x_Symbol] :=
(i/c) A(m-1/2) *Sqrt [g+i*x"2]/5qr't [a+Cxx"2] #INt [ (a+C#x"2) "mx (d+exx+FxSqrt[a+cx"2])n,x] /;
FreeQ[{a,c,d,e,f,g,i,n},x] & EqQ[e~2-cxf"2,0] && EqQ[cxg-axi,0] && IGtQ[m+1/2,0] && Not[GtQ[i/c,o]]

n .
2: j(g+hx+ix2)m(d+ex+f\/a+bx+cx2] dx whene?-cf2=0 A cg-ai=0A ch—bi::O/\m—%eZ‘A Zre

Derivation: Piecewise constant extraction

Basis:If cg-ai=0 Ach-bi- @,thenax@=a

g+h x+i x?

Rule1.33.7.42.2:If e -cf>=0 Acg-ai=@Ach-bi=0Am-2ecz A i—}@,then

n i\ Va+bx+cx? n
j(g+hx+ix2)m(d+ex+f’\/a+bx+cx2) dx — (—] _— (a+bx+cx2)'"(d+ex+f’\/a+bx+cx2) dx
¢ Vg+hx+ix?

Program code:

Int [ (g_. +h_.xx_+i_. *x_"2) Am_. % (d_. +e_.*xX_+f_.xSqrt[a_.+b_.*x_+c_.*x_"2] ) “n_. ,x_Symbol] =
(i/c)~(m+1/2) xSqrt [a+bsx+cxx2] /Sqrt [grhax+isx 2] +Int [ (a+bxx+cxx 2) "mx (d+exx+FxSqrt[a+bsx+cxx*2]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,n},x] & EqQ[e"2-c#f"2,0] && EqQ[c+g-axi,0] && EqQ[cxh-bxi,0] & ILtQ[m-1/2,0] && Not[GtQ[i/c,a]]

Int[(g_+i_.*x_"2) m_.x(d_.+e_.*x_+f_.#Sqrt[a_+c_.xx_"2])~n_.,x_Symbol] :=
(i/c)~(m+1/2) xSqrt[a+cxx 2] /Sqrt [g+isx 2] +Int[ (a+cxx2) "mx (d+exx+fxSqrt[a+cxx 2])*n,x] /;
FreeQ[{a,c,d,e,f,g,i,n},x] && EqQ[e~2-cxf*2,0] 8&& EqQ[c+g-a+i,0] && ILtQ[m-1/2,0] & Not[GtQ[i/c,0]]
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3: Jw’“ (u+f(j+va))nd1x whenu=d+ex Av=a+bx+cx* Aw=g+hx+ix?A e?>-cf’k?*==0

Derivation: Algebraic normalization

Rule1.33.743:fu=d+ex Av=a+bx+cx?Aw=g+hx+ix?A e?-cf?k?=0,then

jw'“ (u+f(j+k\/7))"dlx — J(g+hx+ix2)m d+fj+ex+fk'\/a+bx+cx2)ndlx

Program code:

Int[w_rm_.x (u_+f_.%(j_.+k_.*Sqrt[v_]))~n_.,x_Symbol] :=
Int[ExpandToSum[w,x]"m« (ExpandToSum[u+fxj,x]+fxkxSqrt [ExpandToSum[v,x]])"n,x] /;
FreeQ[{f,j,k,m,n},x] && LinearQ[u,x] && QuadraticQ[{v,w},x] &&
Not[LinearMatchQ[u,x] && QuadraticMatchQ[{v,w},x] && (EqQ[j,@] || EqQ[f,1])] &&
EqQ[Coefficient [u,x,1]~2-Coefficient[v,x,2] xf 2xk"2,0]
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B:J\ = dx
(a+bx“) \/cx2+d (a+bx“)2/"

Reference: Integration of Functions (1948) by A.F. Timofeev

Derivation: Integration by substitution

Basis: 1 = Lsubst[ 2, x, X ] o X
a 1-cx

(a+bx") [ cx?+d (a+bx")z/" cx?+d (a+b x")z/" \/cx2+d (a+b x“)z/"

Rule 1.3.3.8:

dx, X,

J ! dx Subst[J . ]
L
(asbx") y/cxt+d (asbx")?" 2 1-ext Jextvd (arbxn)?

Program code:

Int[1/ ((a_+b_.*x_"n_.)*Sqrt[c_.*x_"2+d_.*(a_+b_.*x_"n_.)"p_.1),x_Symbol] :=
1/a*Subst[Int[1/ (1-c*Xx"*2),x],X,X/Sqrt[c*x"2+d* (a+bxx*n)*(2/n)1] /;
FreeQ[{a,b,c,d,n},x] & EqQ[p,2/n]

9: J a+by/c+dx* dx whena?-b%c==0

Derivation: Integration by substitution

Basis: If a2 - b% ¢ == @,then\/a +ba/c+dx® == -2aSubst b2d+x22

(b2 d-x?)

2 ax? a+b /c+d x? a+b/c+d x?
"~ b2d-x? ° X, X Ox X

Note: This is a special case of Euler substitution #1, if d*> - 2 a == 0, then



Rules for miscellaneous algebraic functions

2 2 2 2 2 2 \/72 \/72
d+F\/a+bx+cx2 _ _zsubst[cdf +b f2 x+d x d- cdf+b f2 x+d x , X, d+f a+Xbx+cx }@x d+f a+Xbx+cx

(c F2x2)? cf2-x2
Rule 1.3.3.9: If a2 - b% ¢ == 0, then

b%d + x2 2 ax?
c+dx dx — —ZaSubst[ - 3 dx, X,
bzd x2 b°d-x

2b2dx3 2ax

.
3/2
3(asbVerd ) oL pvian

Program code:

Int[Sqrt[a_+b_.*Sqrt[c_+d_.*x_"2]],x_Symbol] :=
2xb"2xd*xx*3/ (3% (a+bxSqrt[c+d*x”2])" (3/2)) + 2xaxx/Sqrt[a+bxSqrt[c+dxx"2]] /;
FreeQ[{a,b,c,d},x] && EqQ[a*2-b"2xc,0]

a+bVc+dx?

ram—
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dx when a2-b?>d=0 A b’c+a==90

10: JVax2+bec+dx2
xVec+dx?
Derivation: Integration by substitution

Basis: If a2 -b%d =0 A b%c +a == 0, then

\/ax2+bxm A2 { 1 2}
T~ a Subst 1 x,ax+b~Jc+dx® | o,

ax+ba/fc+dx?

1+ﬁ

a

Rule 1.3.3.10: If a2 -b?d == © A b%2c + a == 0, then

ax2+bxVc+dx? V2 b 1
J\\/ ’ ’ dx — Subst[J—dlx, x,ax+b\/c+dx2]
xVc+dx? a 2

1+ =
a

Program code:

Int[Sqrt[a_.*x_"2+b_.*x_»Sqrt[c_+d_.*x_"2]]1/(x_»Sqrt[c_+d_.*x_"2]),x_Symbol] :=
Sqrt[2] xb/axSubst [Int[1/Sqrt[1+x~2/a],X],X,a*x+bxSqrt[c+dxx"2]] /;
FreeQ[{a,b,c,d},x] && EqQ[a*2-b"2xd,0] && EqQ[b”*2xc+a,0]

\/ex(ax+b\/c+dx2)
11:J dx when a2-b?>d=0 A b’ce+a=0

xVc+dx?

Derivation: Algebraic normalization

Rule 1.3.3.11:1f a2 - b?d =0 A b%2ce +a == 9, then
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A/ 2
J\\/ex(ax+b c+dx ) \/aex2+bex\/c+dx2
dx — dx
xVc+dx? xVc+dx?

Program code:

Int[Sqrt[e_.xx_x(a_.*x_+b_.*xSqrt[c_+d_.xx_"2])]/ (x_*Sqrt[c_+d_.*x_"2]),x_Symbol] :=
Int[Sqgrt[axexx"2+bxexxxSqrt[c+d*x*2]]/ (x*Sqrt[c+d*x”2]),x] /;
FreeQ[{a,b,c,d,e},x] & EqQ[a”~2-b”2xd,0] && EqQ[b”2xcxe+a,0]

u\/cx2+d‘\/a+bx4 4

12 X
Va+bx?
\/cx2+d\/a+bx4
1: dx whenc?-bd?=0
Va+bx*
Derivation: Integration by substitution
n

Basis: If c2 - b d? == @, then L<xX+dVabxd dsubst[ —2—, x, x ] o x

asbxt cx?+d \/ a+b x* cx?+d "\ a+b x*
Rule 1.3.3.12.1: If c2 - b d? == 9, then

\/cx2+d\/a+bx4 1 X
dx — dSubst[Jh—2 dx, X, ]
A/ 1-2cx
a+bxt \/cx2+d\/a+bx4

Program code:

Int[Sqrt[c_.*x_"2+d_.xSqrt[a_+b_.xx_"4]]/Sqrt[a_+b_.xx_"4],x_Symbol] :=
d*Subst [Int[1/ (1-2xc*x"2),X],X,X/Sqrt[cxx*2+d*xSqrt[a+bxx"4]]] /;
FreeQ[{a,b,c,d},x] && EqQ[c”2-bxd"2,0]
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. (c+dx)""\/bx2+ Va+b?x*
Va+b?x*

dx

Author: Martin Welz on the sci.math.symbolic Usenet group

Derivation: Algebraic expansion

| |

Basis:lfa>9,then\/;::\/\/§_jlz \/\/?Hiz
| ]

Basis: Ifa>@,then\/z*7 Varz? _

1-i 1+
= +
~/ 2

arz 2 +Va-iz 2~/ Va+iz

Rule 1.3.3.12.2: If a > 9, then

J\(c+dx)’“'\/bx2+\/a+b2x4 4 1-1 (c+dx)" g 1+;1J (c+dx)"
X — X +
~f 2 4 2 2
a+bx V+Va -ibx? Va +ibx?

Program code:

Int[(c_.+d_.*x_)"m_.*Sqrt[b_.+x_~2+Sqrt[a_+e_.*x_"4]]/Sqrt[a_+e_.*x_"4],x_Symbol]
(1-I) /2%Int[ (c+d*xx)*m/Sqrt[Sqrt[a] -Ixbxx"2],x] +
(1+I) /2*%Int [ (c+dxx) *m/Sqrt[Sqrt[a] +Ixbxx"2],x] /;

FreeQ[{a,b,c,d,m},x] &% EqQ[e,b”*2] && GtQ[a,0]

dx
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13. |u (2 +bx3)Pdx when p? == 43

1
1.J dx
(c+dx) Va+bx3

dx whenbc®-4ad®==0

1
1:j
(c+dx) Va+bx3

Derivation: Algebraic expansion

1 2 c-2dx

c+dx  3c 3¢ (c+dx)

Basis:

Note: Second integrand is of the form —-=:tx__

(c+d x) V a+b x3

Rule 1.3.3.13.1.1: If b c® - 4 a d? == 9, then

wherebc®-4ad®>=0 A 2de+cf=-0.

2 1 c-2dx

dx + — dx

1 1
j dx — —J—
(c+dx) Va+bx® 3c Va+bx3 3c (c+dx) Va+bx?

Program code:

Int[1/ ((c_+d_.*x_)*Sqrt[a_+b_.xx_"3]),x_Symbol] :=

2/ (3%c) *Int[1/Sqrt[a+b*x”3],x] + 1/ (3%c)*Int[ (c-2xdxXx)/ ((c+d*x)*Sqrt[a+bxx”*3]),x] /;

FreeQ[{a,b,c,d},x] && EqQ[bxc”3-4xaxd"3,0]

1
Z:J
(c+dx) Va+bx3

Derivation: Algebraic expansion

dx when b?c®-20abc*d®>-8a2d®==0

HP | L 1 Cc (2-z)-dx
Basis: c+dx ¢ (3-2) c (3-2) (c+dx)
= Basis: —L_ . 6ad3 c (bc3-22ad)+6ad*x

c+d x c (bc3-28ad?) - c (bc*-28ad?) (c+dx)
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. 1 1 e+fx
Note: Second integrand is of the form P——— where

b2c6—20abc3d3—8a2d6::@A6ad4e—cf(bc3—22ad3> - 0.

Rule 1.3.3.13.1.2:If b2c® - 20 abc®d® - 8 a®> d® == 9, then

1 6ad? 1 1 c(bc*-22ad®) +6ad*x
J‘ dx — - j dx + j dx
(c+dx) Va+bx3 c(bc®-28ad’) J A3 b3 c(bc’-28ad’) (c+dx) Va+bx3

Program code:

Int[1/((c_+d_.*x_)*xSqrt[a_+b_.*x_"3]),x_Symbol] :=

-6xaxd”3/ (cx (bxc”"3-28xaxd”3) ) *xInt[1/Sqrt[a+bxx"3],x] +

1/ (cx (bxc*3-28%axd"3) ) *Int [Simp[cx (bxc3-22+a%d"3) +6%axd™xx,x] / ((c+dxx) xSqrt[a+bxx"3]) sx| /3
FreeQ[{a,b,c,d},x] && EqQ[b”2xc”6-20xaxbxc*3xd*3-8+xa”*2xd"6,0]
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dx when b2c®-20abc3d>-8a%d®+0

1
3:J-
(c+dx) Va+bx3

Derivation: Algebraic expansion

Basis: -1 .. _ o . d (1+\/?+qx)
c+d x (1+wﬁf)d-cq ((1+Vﬁf)d-cq)(c+dx)

Note: Second integrand is of the form —=x— where b2e®-20abe®f3-8a%f®=o0.

Rule 1.3.3.13.1.3:1f b?c®-20abc3d®>-8a%d® + 0, letq- (2)*”, then

J\ 1 q 1 d 1+\/?+qx
dx — - J. dx + J.
(c+dx) Va+bx3 (1+\/?)d—cq Va+bx3 (1+\/?)d—cq (c+dx) Va+bx3

Program code:

Int[1/ ((c_+d_.*x_) *xSqrt[a_+b_.*x_"3]),x_Symbol] :=

With[{q=Rt[b/a,31},

-q/ ((1+Sqrt[3]) *d-c*q) *Int[1/Sqrt[a+b*x"3],x] +

d/ ((1+Sqrt[3])*d-c*q) *Int[ (1+Sqrt[3]+q*x) / ( (c+d*x) *Sqrt[a+b*x”*3]),x]] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2xc"6-20xaxbxc”3xd*3-8xa*2xd"6,0]

dx
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e+fx
2..[ dx whende-cf#0
(c+dx) Va+bx3
e+fx
1.J dx whende-cf#0 A (bc®>-4ad*=0 Vv bc®+8ad®=0)
(c+dx) Va+bx3
e+fx
1. j dx whende-cf#0 A (bc3—4ad3==0v bc3+8ad®= ) A2de+cf==0
(c+dx) Va+bx3
e+fx
1:j dx whende-cf#0 Abc>-4ad®>=0 A 2de+cf=0

(c+dx) Va+bx?

Derivation: Integration by substitution

) . 3 3 __ - e+fx __ 2e 1 C1.2ex 1. 28x
Basis:If bc®>-4ad®>=0 A 2de+cf =0,then cdx Vabe Cd SUbStL+3aXz: X, T @XW
Rule1.3.3.13.2.1.1.1:If de-cf+0@ A bc*-4ad>==0 A 2de+cf =0,then

2dx

e+fx 2e 1 1+
dx — —Subs‘c[j—2 dx, X, —]
(c+dx) Va+bx3 d 1+3ax Va+bx?

Program code:

Int[(e_+f_.*x_)/((c_+d_.*x_)*Sqrt[a_+b_.*x_"3]),x_Symbol] :=
2xe/d*Subst[Int[1/ (1+3*axx"2) ,Xx],X, (1+2xdxx/c) /Sqrt[a+bxx"3]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-cxf,0]| && EqQ[bxc"3-4xaxd"3,0] && EqQ[2xdxe+cxf,0]
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e+fx
Z:J dx whende-cf#0 Abc>+8ad®>=0 A 2de+cf=0

(c+dx) Va+bx®

Derivation: Integration by substitution

F. 3 3 __ __ e+fx . _2e
Basis:If bc®>+8ad®>=0 A 2de+cf =0,then dx Jabe —d Subst{
" Rule133.1321.12fde-cf+0 Abc3+8ad®=0 A 2de+cf=0,then

1

9-ax

14 £x)?

e+fx e 1 + e)

dx — ——Subst[j " dx, X, —]
(c+dx) Va+bx3 d 9-ax Va+bx3

Program code:

Int[(e_+Ff_.*x_)/((c_+d_.*x_)*Sqrt[a_+b_.+x_"3]),x_Symbol] :=
-2*e/d*5ubst[1nt[1/(9-a*xA2),x],x,(1+f*x/e)Az/Sqrt[a+b*xA3]] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-cxf,0]| && EqQ[bxc”3+8xaxd"3,0] && EqQ[2xdxe+cxf,0]

2)X)

[102)?
= e /J

Va+b x3

[102)?
= e J

X a+b x3
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e+fx
2: J dx whende-cf#0 A (bc3-4ad3==0v bc3+8ad? == ) A2de+cf#0
(c+dx) Va+bx?

Derivation: Algebraic expansion

‘e €+fx __ 2de+cf (de-cf) (c-2dx)
Basis: cidx — 3cd 3cd (c+dx)

Note: Second integrand is of the form —=2=— where (bc*-4ad*=0vbc®+8ad®=0) An2de+cf=0.

Rule1.33.13.2.1.2:1fde-cf+0 A (bc®-4ad®=0 Vv bc*+8ad®=0) A 2de+cf0,then

dx

dx — X +

J‘ e+fx 2de+cf J‘ 1 a
(c+dx) Varbx scd Jyoiewe | 3cd

de—ch c-2dx

(c+dx) Va+bx3

Program code:

Int[(e_.+f_.#x_)/((c_+d_.*x_)+Sqrt[a_+b_.+x_"3]),x_Symbol] :=
(Z*d*e+c*f)/(3*c*d) *Int[1/Sqrt[a+bxx”*3],x] +
(dxe-c#f) /(3xcxd) *Int [ (c-2xdxX) / ((C+d*X) xSqrt[a+b*x"3]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-cxf,0] && (EqQ[bxc”3-4xaxd"3,0] || EqQ[bxc"3+8xaxd"3,0]) 8&& NeQ[2xdxe+cxf,0]

e+fx
Z.J dx whende-cf#0 A b>c®-20abc3>d®>-8a%d°==0
(c+dx) Va+bx3
e+fx
1: J dx whende-cf#0 A b*>c®-20abc>d®-8a’d*==0 A 6ad*e-cf (bc*-22ad®) =0
(c+dx) Va+bx3

Derivation: Integration by substitution

Basis: If b?c®-20abc*d®-8a’d® =0 A 6ad*e-cf (bc®-22ad?) =0,letk > 922 then

cf
+k) d +k) d
e fx = ke gupst| ——L ' x LM} o
(c+dx) Varb® d 1r(3+2k) ax?” ™7 aibyd | 7Y Varbxd

Note:If b>c®-20abc®d®*-8a’d®==0 A 6ad*e-cf (bc®-22ad?) =0,thend’e®*+4cdef+c?f?=0,50



Rules for miscellaneous algebraic functions
de2¢f must equal v3 or -v3.

Rule1.33.13.22.1:ifde-cf+0@ A b>c®-20abc®d®-8a’d®* =08 A 6ad*e-cf (bc®-22ad’) = 0,let
k —» dex2cf thap
cf
+(1+k)dx

e+fx (1+k) e 1 1 .
dx — —Subst[J‘—2 dx, X, —]
(c+dx) Va+bx3 d 1+ (3+2k)ax Va+bx3

Program code:

Int[(e_+Ff_.*x_)/((c_+d_.*x_)*Sqrt[a_+b_.+x_"3]),x_Symbol] :=
With [ {k=Simplify[ (dxe+2xcxf)/(cxf)]},
(1+k) *e/d*Subst [Int[1/ (1+ (3+2xk) *a*x*2) ,x],X, (1+ (1+k) *dxx/c) /Sqrt[a+b*xx"3] ]] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-cxf,0] && EQQ[b"2xc"6-20xa*bxc"3+d"3-8xa"2xd"6,0] & EqQ[6+axd"4xe-cxfx (bxc 3-22+axd"3),0]
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e+fx
2: J dx whende-cf#0 A b>c®-20abc>d®-8a2d°==0 A 6ad4e—cf(bc3—22ad3) #£0

(c+dx) Va+bx?

Derivation: Algebraic expansion

Basis: &:fx __ dex(2-z)cf  (de-cf) ((2-7) c-dx)

c+dx ~  cd (3-2) cd (3-2) (c+dx)
- Basis: &FX __ _ 6ad*e-c (bc*-22ad?) f . (de-cf) (c (bc3-22ad?)+6ad*x)
T c+dx cd (bc*-28ad?) cd (bc*-28ad?) (c+dx)

. H 1 e+fx
Note: Second integrand is of the form P—— where

b2c6—20abc3d3—8a2d6::@A6ad4e—cf(bc3—22ad3) - 0.

Rule1.3.3.13.22.2:1fde-cf+0@ A b?c®-20abc®d®-8a2d® =0 A 6ad*e-cf (bc®-22ad?) #0,then

e+fx Gad4e—cf(bc3—22ad3) 1 de-cf c(bc3—22ad3)+6ad4x
J dx — - J dx + j dx
(c+dx) Va+bx3 cd (bc®-28ad?) Va+bx3 cd (bc®-28ad?) (c+dx) Va+bx3

Program code:

Int[(e_.+f_.#x_)/((c_+d_.*x_)*Sqrt[a_+b_.xx_"3]),x_Symbol] :=
—(G*a*dA4*e—c*f*(b*cA3—22*a*dA3))/(c*d*(b*cA3-28*a*dA3))*Int[l/Sqrt[a+b*xA3],x] +
(dxe-c#f) /(cxdx (bxc”3-28xaxd"3) ) +Int [ (Cx (bxc 3-22xaxd"3) +6+a*d 4xx) / ((C+d*X) xSqrt[a+bxx3]),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-cxf,0] & EQQ[b"2#C"6-20+axbxc"3xd"3-8xa"2+d"6,0] && NeQ[6xaxd"4xe-cxfx (bxc 3-22xaxd"3),0]
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e+ fx
3.f dx whende-cf#0 A b’e®-20abe3>f>-8a2f°:=z0

(c+dx) Va+bx3

e+fx
1:J - ax whende-cf#8 Abe*-2(5+3V3)af=0Abc’-2(5-3V3)ad 10

(c+dx) Va+bx?

Reference: G&R 3.139

Derivation: Piecewise constant extraction and integration by substitution (the M&bius transformation)

- (1+\/?+q X)Z ﬁjﬁ_)a
. . 1/3 1+4/3 +gx -
Basis: Letqa(g) , then Oy NETE =0
 Basis: 1 =
(c+d x) (1+\/?+q x) —1“%
(1+\/?+qx)
4344723 subst| L , x, taoax] g -1a/3 ax
1+\/?+qx 1+\/?+qx

((1—x/?) d-c q+((1+\/?) d-cq) x) J(l—xz) (7-4 \/?erz)

Basis:\/(l—xz) (7—4\/?+x2

Rule1.3.3.13.23.1:1f de-cf+0 A be3-

5+3\/?)af3:eAbc3—2(5—3\/?) ad? 0, let

1/3 (1+V ) f
a- (¢ , then
1+ +qx L
JA e+fXx qx J 1
dx — dx
4[ 3 '\/ 353
(c+dx) Va+bx qVa+bx® (c+dx) 1+ 3+qx) — L

(1473 vax)?
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4 y”Vz-Vﬁ_f(1+V?+qu L
(1"‘/? —1+\/_-qx

B +qX)“ SUbSt[J 1 dx, X, ]
gVa+bx ((1_'\/?)d_cq+((1+'\/?)d—cq)x)\/(1_x2) (7—4'\/?+x2) 1+'\/?+CIX

a4 31/4'\’2_«[3 f (1+qx) _1-gx+q’x?

il 1 ax,x, 20
— s Xy
qVa+bx? -Fﬁ§i—F “1-V3)d—cq+((1+V3)d—cq)x)V1-ﬂ V7-43 +x2 1+V3 +qx
+ +q X

Program code:

(» Int[(e_+f_.#x_)/((c_+d_.xx_)*Sqrt[a_+b_.+x_"3]),x_Symbol] :=
With[{q=(1+Sqrt[3])«f/e},
4%37 (1/4) x*Sqrt[2-Sqrt[3] ] *xf* (1+Sqrt[3] +q+x) *2xSqrt[ (1+g”3xx”"3) / (1+Sqrt[3] +q*x) 4]/ (q*Sqrt[a+bxx"3]) %
Subst[Int[1/ (((1-Sqrt[3])*d-c*xq+ ((1+Sqrt[3])*d-c*q) *X) *
Sqrt[7-4+Sqrt[3] -2 (3-2%Sqrt[3]) *x*2-x"4]) ,X] ,X, (-1+Sqrt[3]-q*X) / (1+Sqrt[3] +q*X) ] ] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-cxf,0] && EqQ[bxe3-2x (5+3xSqrt[3])«af"3,0] && NeQ[bxc"3-2+ (5-3+Sqrt[3])*axd"3,0] x)

Int[(e_+f_.*x_)/((c_+d_.*x_)*Sqrt[a_+b_.xx_"3]),x_Symbol] :=
With[{q=Simplify[ (1+Sqrt[3])«f/e]},
4%37 (1/4) *Sqrt[2-Sqrt[3] ] *f* (1+q*X) *Sqrt[ (1-q*x+q*2xx*2) / (1+Sqrt[3] +q*x) *2]/
(q*xSqrt[a+bxx"3]*Sqrt[ (1+q*Xx) / (1+Sqrt[3]+q*x) ~2]) =
Subst[Int[1/ (((1-Sqrt[3]) *d-c*xq+ ( (1+Sqrt[3]) *xd-c*q) *x) *Sqrt [1-x"2] *Sqrt[7-4*Sqrt[3]+x*2]),x],X, (-1+Sqrt[3]-gq*x) / (1+Sqrt[3]+g*X) ] ] /3
FreeQ[{a,b,c,d,e,f},x] 8& NeQ[dxe-cxf,0] && EqQ[bxe3-2x (5+3+Sqrt[3])+af"3,0] && NeQ[bxc"3-2+ (5-3+Sqrt[3]) »a=d"3,0]
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e+fx
Z:J ’ dlxwhende-cf;ee/\be3-2(5-3\/?)af3==a/\bc3-2(5+3\/?)ad3¢e

(c+dx) Va+bx?

Reference: G&R 3.139

Derivation: Piecewise constant extraction and integration by substitution (the Mobius transformation)

. (1-+/3 -gx)* ,%
1-4/3 -gx
Basis: Let g~ (-2)*”, then O | L N
: Jarbx®
~ Basis: 1 ==
. N T
(c+dx) (1-/3 -gx) P
1/4 1 1++v/3 -gx 1+v3 -gx
4 31/4/2.+/3 Subst[ )X, L_waqx By Mbﬁmx

((1+\/?> d+c q+((1—\/?> d+c q) X) \/<1X2> (7+4 \/?+X2)

- Basis:\/(lxz) - +/1 - x? \/7+4\/?+x2

Rule1.3.3.13232:fde-cf+0 A be3-2 (5-3%) afi=0 Abc3-

7+4\/?+X2

5+3\/?) ad®+0,letq, 2l then

1 33
J e+ fx a \j (1‘/_‘1" J\ 1 a
X — - X
(c+dx) Va+bx3 gVa+bx® c+dx) \/_—qx) 1% .
(75 o
4374V 2.3 f£(1-43 -qx)’ [-—iex
* ( qx) (1-\/?—qu 1 1+\/?—qx
- - Subst[ ax, x, T
b x3 -1 3
ANabx (1+V5) avcar ((2-V5) drca) ) 3] (2-¢) (7445 ) B
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434\ 243 f(1-qx) [-Llaxdx

(1-V3-ax)’ Subst[J 1 dx. x 1+V3 -qx
- » Xy
aVa+bx? —(1—3;”—)2 ((1+\/3)d+cq+((1—\/3)d+cq)x)\/1—x2 N7+4V3 +x2 “1+V3 +qx
N

Program code:

Int[(e_+Ff_.*x_)/((c_+d_.*x_)*Sqrt[a_+b_.+x_"3]),x_Symbol] :=
With[{q=Simplify[ (-1+Sqrt[3])«f/e]},
4%3" (1/4) *Sqrt[2+Sqrt[3] ] xf* (1-q*Xx) *Sqrt[ (1+q*x+q*2xx”*2) / (1-Sqrt[3] -q*x)*2]/
(q*Sqrt[a+b*x”3] *Sqrt[- (1-q*x) / (1-Sqrt[3] -q*x) ~2]) *
Subst[Int[1/ (((1+Sqrt[3]) *d+cxq+ ((1-Sqrt[3]) *xd+c*q) *x) *Sqrt[1-x"2] *Sqrt[7+4xSqrt[3] +x*2]),x],X, (1+Sqrt[3]-q*x) / (-1+Sqrt[3] +q*X) ] ] /5
FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-cxf,0] && EqQ[bxe”3-2x (5-3+Sqrt[3])+af"3,0] && NeQ[bxc"3-2+ (5+3+Sqrt[3])+a=d"3,0]
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.F

4:J €+ TX dx whende-cf#0 A b2c5-20abc3d®-8a2d5#0 A b2eS-20abe3f>-8a2f540
(c+dx) Va+bx3

Derivation: Algebraic expansion

(1+\/?) f-eq (de-cf) (1+\/?+q x)
+
(1+\/?) d-cq ((lm/?) d-c q) (c+d x)

Basis; esfx ..
c+d x

Note: Second integrand is of the form —=:2x=__ whereb? e® - 20 abe® f> - 8 a2 f® == 0.

(c+d x) V a+b x3

Rule1.33.13.24:1fde-cf+0 A b>c®-20abc’d>-8a%d®+0 A b’e®-20abe’f>-8a%f° +0,letq-(2)",
then

J e+fx (1+\/?)-F-eq 1 de-cf 1+V3 +qx

dx — J- dx + J dx
(c+dx) Va+bx3 (1+\/?)d—cq Va+bx3 (1+W/?)d—cq (c+dx) Va+bx3
Program code:

Int[(e_.+f_.#x_)/((c_+d_.*x_)+Sqrt[a_+b_.+x_"3]),x_Symbol] :=
With[{q=Rt[b/a,3]},
((1+Sqr‘t[3])*-F-e*q)/((1+Sqrt[3])*d—C*q)*Int[l/Sqrt[a+b*x"3],x] +
(dxe-c+f) /((1+Sqrt[3]) xd-cxq) »Int [ (1+Sqrt[3] +qx) / ((c+d*x) *Sqrt[a+bxx"3]),x]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[dxe-c+f,0] & NeQ[b"24c"6-20+axbxc"3xd"3-8xa"2+d"6,0] & NeQ[b"2xe"6-20+axbxe"3xf 3-8xa"2+f"6,0]
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f+gx+hx?
3: dx whenbdf-2aeh#@ A bg®>-8ah3==0 A g2+2fh==0 Abdf+bcg-4aeh=0

c+dx+ex?) Va+bx?

Derivation: Integration by substitution

Basis:If bg®>-8ah®>=0 A g?+2fh==0 Abdf+bcg-4aeh=0,then

f+g x+h x2 2 o h Subst { 1 +&gx } B 1+&gx
-= — uns X
<c+dx+ex2> +/a+b x3 g 2eh-(bdf-2aeh)x*? 7 /3ibx3 X Jarb 3

Rule1.3.3.133:f bdf-2aeh+0 Abg®>-8ah>=0Ag?+2fh=0Abdf+bcg-4aeh =0,then

2hx

f+gx+hx? 1 1+ .
dx — —2ghSubst[J~ dx , X, —]
(c+dx+ex?) Va+bx 2eh- (bdf-2aeh) x? Varb®

Program code:

Int[(f_+g_.*x_+h_.*x_"2)/((c_+d_.*x_+e_.*x_"2) xSqrt[a_+b_.*x_"3]),x_Symbol] :=
-2xgxhxSubst[Int [1/(2*e*h— (bxd«f-2xaxexh) xx*2) ,x],X, (1+2xh+x/g) /Sqrt[a+b*x"3]] /;
Fr‘eeQ[{a,b,c,d,e,f,g,h},x] & NeQ[b*d*f—Z*a*e*h,O] && EqQ[bxg”3-8xaxh”"3,0] && EqQ[g"2+2*'F*h,0] && EqQ[b*d*f+b*c*g—4*a*e*h,0]

Int [ ('F_+g_. *x_+h_.*x_"2)/( (c_+e_.*x_"2)xSqrt[a_+b_.xx_"3]) ,x_Symbol] 9=
-g/exSubst[Int[1/ (1+a*x"2),x],X, (1+2xhxx/g) /Sqrt[a+bxx"*3]] /;
FreeQ[{a,b,c,e,f,g,h},x] & EqQ[b+g"3-8+axh"3,0] & EqQ[g"2+2#fxh,0] & EqQ[bxcxg-4xaxexh,0]

dx whende-cf#0

4 J‘Va+bx3

c+dx

dx whenbc®-ad®=0

1: J‘Va+bx3

c+dx

Derivation: Algebraic expansion
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Basis: If b c® - ad?® == 0,then Ya=bx . _bx  beedy

crdx d\/a+bx3 d3‘\/a+bx3
Rule 1.3.3.13.4.2: If b c? - a d? == 9, then
Va+bx3 b x? bc c-dx
J—dlx—»—J‘—dlx+—3 —dx
c+dx dJVasbx® & JVaibx®

Program code:

Int[Sqrt[a_+b_.*x_"3]/ (c_+d_.*x_),x_Symbol] :=
b/d*Int[x"2/Sqrt[a+bxx”*3],x] +
bxc/d”3xInt[ (c-d*x) /Sqrt[a+bxx"3],x] /;

FreeQ[{a,b,c,d},x] && EqQ[bxc”3-axd”3,0]

a+bx3
2: j—dlx whenbc3-ad®#0
c+dx

Derivation: Algebraic expansion

BaSiS: atbx? == bx? + bc (c-dx) _ bc3-ad?
d\/a+bx3 ds\/a+bx3 d® (c+dx) \ a+bx?

Rule 1.3.3.13.4.2:If b c® - a d® # 9, then

c+d X

Va+bx3 b x2 bc c-dx bc3-ad?
j—dlx—» —J-—dlx+—3 dx - N j d
c+dx dJ a2 b d Va+bx3 d (c+dx) Va+bx®

Program code:

Int[Sqrt[a_+b_.*x_"3]/(c_+d_.*x_),x_Symbol] :=
b/d*Int[x"2/Sqrt[a+bxx”*3],x] +
bxc/d”3xInt[ (c-dxx) /Sqrt[a+bxx*3],x] -
(bxc”3-a%xd”3) /d”3xInt[1/ ( (c+d*X) x*Sqrt[a+bxx”*3]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc”3-axd”"3,0]
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14. J - dx
(c+dx) (a+bx3)/3

1
1. j dx
(c+dx) (a+bx3)/3

1
1:J dx whenbc®+ad =0
(c+dx) (a+bx3‘)1/3

Rule 1.3.3.14.1.1:If b c® + a d® == 9, then

_ 2213 (c-dx)

A/ d (asby3) /3
1 3 Ar‘cTan[ V3 ] Log[(c+dx)? (c-dx)] 3Log[b'? (c-dx) +2%2d (a+bx?)"’]
dx -
(c+dx) (a +b x3) 1/3 i 24/3 p1/3 ¢ + 27/3 p1/3 ¢ 27/3 p1/3 ¢

Program code:

Int[1/ ((c_+d_.*x_)=*(a_+b_.*x_"3)"(1/3)),x_Symbol] :=
Sqrt[3] *ArcTan[ (1-27~(1/3) *Rt[b,3] % (c-d*X) / (d* (a+b*x*3)~(1/3))) /Sqrt[3]1]1/ (2~ (4/3) *Rt[b,3]xc) +
Log[ (c+d*Xx)*2% (c-d*x) ]/ (2~ (7/3) *Rt[b,3] xc) -
(3xLog [Rt[b,3] » (c—d*x) +2~ (2/3) *d* (a+b*x*3)~(1/3) 1) / (2~ (7/3) *Rt[b,3]1%c) /;

FreeQ[{a,b,c,d},x] &% EqQ[bxc”3+axd”"3,0]
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1
Z:J- dx when 2bc®-ad®*=0
(c+dx) (a+bx3)1/3

Derivation: Algebraic expansion

Basis: - .- 1, —c-dx

c+d x 2c 2c (c+dXx)

Rule 1.3.3.14.1.2:If 2 b c3 - a d? == 9, then

c-dx

j ! ax o — [— 2 ax. =
(c+dx) (a+bx3)1/3 2c (a+bx3‘)1/3 2cJ (c+dx) (a+bx3‘)1/3

Program code:

Int[1/((c_+d_.*x_)=*(a_+b_.*x_"3)"(1/3)),x_Symbol] :=
1/ (2%c) *Int[1/ (a+b*xx"3)~(1/3),x] + 1/ (2*c)*Int[ (c-dxx)/ ((c+dxX)* (a+bx*x"3)"(1/3)),x] /;
FreeQ[{a,b,c,d},x] &% EqQ[2xbxc”3-axd”3,0]

dx
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e+fx
Z.J- dx
(c+dx) (a+bx3)/3

e+fx
1:J dx whende+cf=0 A 2bc3>-ad®==0
(c +dx) (a+bx3)1/3

Rule1.3.3.14.2.1:1f de+cf =20 A 2bc?-ad? == 0,then

1.2 b'/3 (2¢+dx)

d (arbx3)/?
e+ fx /3 farcTan[ —F2=] (| cLdx) 3 Log[b? (2c+dx) -d (a+bx?) ]
dx — + -
(C+dX) (a+bx3)1/3 b1/3d b1/3d 2b1/3d

Program code:

Int[(e_+Ff_.*x_)/((c_+d_.*x_)*(a_+b_.*x_"3)"(1/3)),x_Symbol] :=
Sqrt[3] xfxArcTan[ (1+2xRt[b,3] » (2xc+d*x) / (d* (a+bx*x*3)~ (1/3))) /Sqrt[3]]1/ (Rt[b,3]*d) +
(FxLog[c+dxx])/(Rt[b,3]d) -
(3*f*Log[Rt[b,3]*(2*c+d*x)—d*(a+b*xA3)A(1/3)])/(Z*Rt[b,B]*d) /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[dxe+cxf,0] && EqQ[2xbxc3-axd"3,0]
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e+ fx
Z:J dx
(c+dx) (a+bx3)1/3

Derivation: Algebraic expansion

Basis: etfx .. £, de-cf
c+dx d d (c+dx)

Rule 1.3.3.14.2.2:

1

e+ fx f 1 de-cf
j dx — —J dx + J
(c+dx) (a+bx3)1/3 d (a+bx3)1/3 d (c+dx) (

Program code:

Int[(e_.+f_.#x_)/((c_.+d_.#x_)*(a_+b_.*x_"3)~(1/3)),x_Symbol] :=
f/dxInt[1/ (a+bxx"3)"(1/3),x] + (dwe-cxf)/dxInt[1/ ((c+dax)* (a+bxx"3)"(1/3)),X] /;
FreeQ[{a,b,c,d,e,f},x]

a+bx3

)1/3

dx
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(a + bx3)2/3
?: J— dx
c+dx
Derivation: Algebraic expansion

Basis: {20 bxt __ bex

ad?+b c?x

c+dx d(a+b®)¥? o2 (asbx®)¥?

Rule 1.3.3.7:

(a+bx3)2/3
J c+dx

Program code:

@ (c+dx) (a+bx?)Y/?

g (a+bx3)2/3 bc X
X — —m—— _ —

Int[ (a_+b_.*x_"3)"(2/3)/(c_+d_.*x_),x_Symbol] :=

(a+bxx3) A (2/3) / (2xd) -
bxc/d 2+Int[x/ (a+b*x~3) A (1/3) ,x] +

1/d*2+Int [ (a*d 2+bxc 2xx) / ( (c+d*xX) * (a+bxx3) A (1/3)),X] /;

FreeQ[{a,b,c,d},x]

1
?:
J(c+dx) (a+bx3)2/3

Derivation: Algebraic expansion

Bas's- e dx 2c?-cdx-d?x2

1
c+d x 2¢? 2c? (c+d x)

dx when 2bc3-ad®*==0

Rule1.3.3.2:1f 2bc? - ad? =0, letq —» bl/3, then

———a
2d d> J (a+bx?)'? X+

f ! dx
(c +dx) (a+bx3)2/3

d 1 1

1 ad>+bc?x

d*> J (c+dx) (a+bx3)1/3

2c?-cdx-d?x?

—_— — —_—

dx +
2¢®J (a+bx3)?? 2¢ J (c+dx) (a+bx3)??

dx
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1429 (2c+dx)

+
d (asbx3)¥/?
V3

1+—2qx
arbx3) /3
dAr-cTan[ \/b; ] ﬁdArCTa"[ ] dLog[c +dx] dLog[qx—(a+bx3)1/3] 3dLlog[q (2c+dx) -d (a+bx?)
+ - - +

1/3]

-
243 q?¢? 2q%c? 2q%c? 4q%c?

Program code:

Int[1/((c_+d_.*x_)*(a_+b_.*x_"3)"(2/3)),x_Symbol] :=
With[{q=Rt[b,3]},
-dxArcTan[ (1+2xq*Xx/ (a+b*x"3) " (1/3)) /Sqrt[3]1]1/ (2*xSqrt[3]*q*2xc"2) +
Sqrt[3] *dxArcTan[ (1+2xq* (2xc+dxX) / (d* (a+b*x”3)~(1/3))) /Sqrt[3]1]1/ (2xq*2xc"2) -
dxLog[c+dxx]/ (2%Q~2xCc 2) -
dxLog[q*x- (a+b*x”*3)~(1/3) ]/ (4*xq*2xC"2) +
3xdxLog[q* (2xC+dxX) -d* (a+bx*x*3)~ (1/3) ]/ (4*xq*2xc”2)] /;
FreeQ[{a,b,c,d},x] && EqQ[2xbxc”3-axd"3,0]

4q2 CZ
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2 Jx'“P[x] (c+dx)% (a+bx*)?dx when qez" A mez A Denominator[p] =

Attribution: Martin Welz on 8 November 2018 via email
Derivation: Algebraic expansion

Basis: ¢+ dx == —<xx

c2-cd x+d? x?

Note: The terms of the expanded integrand are of the form ax~ (3 + d*x®)? (a+bx?)? where n, q,and 3p are integers, and are
thus integrable.

Rule:lf ez~ A me z A Denominator[p] == 3,then

x"P[x]

(cz—cdx+d2x2)"I

Jx'“ PIx] (c+dx)% (a+bx?)Pdx — J(ce‘ +d*x%)9 (a+bx?)P ExpandIntegr‘and[ , x] dx

Program code:

Int[x_"m_.+Px_x(c_+d_.*x_)~q_=*(a_+b_.*x_"3)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (c”3+d*3xx"3)*q* (a+b*x"3) *p,x*m*Px/ (c*2-c*d*x+d*2xx"2) ~q,x],X] /;
FreeQ[{a,b,c,d,m,p},x] &% PolyQ[Px,x] && ILtQ[q,0] && IntegerQ[m] && RationalQ[p] && EqQ[Denominator‘[p],B]

Int[Px_.»(c_+d_.*x_)"q_=*(a_+b_.*x_"3)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (c*3+d*3xx”"3)*q* (a+b*x"3) ~p,Px/ (c*2-c*xd*x+d”2xx"2) *q,x],x] /;
FreeQ[{a,b,c,d,p},x] && PolyQ[Px,x] && ILtQ[q,0] && RationalQ[p] && EqQ[Denominator‘[p],B]
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?: jx'“P[x] (c+dx+ex?)? (a+bx*)Pdx whend?’-ce=0 A qeZ A meZ A Denominator[p] =

Attribution: Martin Welz on 8 November 2018 via email
Derivation: Algebraic expansion

BaS|S: |f d2 —CcCe =z 0, then c+dx+ex? = 3-d3x3

c (c-dx)

Note: The terms of the expanded integrand are of the form ax (c3-d*x*)® (a+bx3)? where n, q, and 3p are integers, and are
thus integrable.

Rule:lf d>-ce =0 A qeZ A meZ A Denominator[p] == 3, then

1 "p
jx“‘P[x] (c+dx+ex?)? (a+bx’)Pdx — — | (*-d*x*)" (a+bx3)pExpandIntegr‘and[ X PIx

x] dx
cq

(c-dx)1 ’
Program code:

Int[x_~m_.+Px_= (c_+d_.*Xx_+e_.xx_"2)"q_=*(a_+b_.*x_"3)"p_.,x_Symbol] :=
1/c*q*Int [ExpandIntegrand[ (c*3-d”3xx"3) *q* (a+b*x"3) *p,x*m*Px/ (c-d*x) *q,x],x] /;
FreeQ[{a,b,c,d,e,m,p},x] &% PolyQ[Px,x] && EqQ[d*2-cxe,0] & ILtQ[q,0] && IntegerQ[m] && RationalQ[p] && EqQ[Denominator[p],3]

Int[Px_.* (c_+d_.*Xx_+e_.xx_"2)"q_x* (a_+b_.*x_"3)"p_.,x_Symbol] :=

1/c”q*Int [ExpandIntegrand[ (c*3-d*3xx”"3) ~q* (a+b*x"3)*p,Px/ (c-d*x)~q,x],x] /;
FreeQ[{a,b,c,d,e,p},x] && PolyQ[Px,x] & EqQ[d"2-cxe,0] & ILtQ[q,@] && RationalQ[p] && EqQ[Denominator[p],3]

15. |u (c+dx")? (a+bx"™)Pdx whenp¢z A qez” A Log[2, %] ez*

1: j(c+dx")q (a+bxnn)Pd1x whenp¢Z A qeZ™ A Log[z, ?] A

Derivation: Algebraic expansion

Basis: If q € Z,then (c+dx")? = (o=t - 52)™

c2_d2 x2n c2_g2 x2n
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Rules for miscellaneous algebraic functions

Note: Resulting integrands are of the form x» (a+bx™)® (c+dx2")* which are integrable in terms of the Appell hypergeometric

function .

Rule1.33.15.1:1f pe z A qez™ A Log|2, ™| e z*, then

c dx"

J-(c +dx")? (a+bx")Pdx — J-(a+ bx"")pExpandIntegrand[[ -

c2-d?>x®" 2-d?’x

Program code:

Int[(c_+d_.*x_"n_.)"q_=(a_+b_.*x_"nn_.)" p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx*nn)~p, (c/ (c~2-d"2xx" (2#n) ) -d*Xx*n/ (c~2-d*2+x" (2xn) ) )~ (-q) ,X],X] /3
FreeQ[{a,b,c,d,n,nn,p},x] & & Not[IntegerQ[p]] &&% ILtQ[q,0] && IGtQ[Log[2,nn/n],0]

2: J(ex)'" (c+dx")% (a+bx™)?dx whenp ¢z A qez” A Log[2, ™*] ez*

Derivation: Algebraic expansion

Basis: If g € Z,then (c+dx")? = ( < _ _dx )-q

c2_d2 x2" c2_d2 x2"

-q
2] ,x]dlx
n

Note: Resulting integrands are of the form x» (a+bx™)? (c +dx2")* which are integrable in terms of the Appell hypergeometric

function .

Rule1.3.3.152.1:I1f p¢Z AN qe Z"- /\Log{ ]ez* then

C

J(ex)"‘ (c+dx")? (a+bx")Pdx j (a+bx™ ExpandIntegrand[[ -

c2_d2x2n

Program code:

Int[(e_.*x_)"m_.*(c_+d_.*x_"n_.)"q_*(a_+b_.*x_"nn_.)"p_,x_Symbol] :=

dx" ]—q’ x] x

c2 - d? x2n

(exx) “m/x*m+Int [ExpandIntegrand [Xx"mx (a+bxx"nn)*p, (c/ (c*2-d*2xx”" (2%n) ) -d*x~n/ (c”2-d*2xx" (2xn) ) )~ (-q) ,x]1,x] /;

FreeQ[{a,b,c,d,e,m,n,nn,p},x] & & Not[IntegerQ[p]] && ILtQ[q,0] && IGtQ[Log[2,nn/n],0]



Rules for miscellaneous algebraic functions

16. e dx whenbc-ad=-0
c+dx"+eVa+bx
Xm
1:J dx whenbc-ad=0 A ®lcz
c+dx"+eVa+bx" !

Derivation: Integration by substitution

Basis: If % € Z, then x" F[x"] == %Subst[x%'1 F[X], X, x"] Ay X"

Rule1.3.3.16.1:If bc -ad =0 A ™ c 7 then

n

m+

X

1

-1

x" 1
J dx — —Subst[J\
c+dx"+eVa+bx" n c+dx

Program code:

Int[x_"m_./(c_+d_.*x_"n_+e_.*Sqrt[a_+b_.*x_“n_]),x_Symbol] :=
1/n%Subst [Int [x" ((m+1) /n-1) / (c+dxx+exSqrt[a+bxx]) ,x],x,x*n] /;
FreeQ[{a,b,c,d,e,m,n},x] &% EqQ[bxc-axd,0] & IntegerQ[ (m+1)/n]

dx, X, x"]
a+bx

reVasrbx
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u
2:j dx whenbc-ad=-90
c+dx"+eVa+bx"

Derivation: Algebraic expansion

Basis:If bc - ad == 9, then 1 = 2e
c+dz+eVa+bz c’-ae’+cdz (c?-ae’+cdz) Vas+bz

Rule 1.3.3.16.2:If bc - ad == 9, then

u u u
j dlx—»cjfdlx—aej
n
c+dx"+eVa+bx" c"-ae“+cdx (2-ae*+cdx") Va+bx"

Program code:

Int[u_./(c_+d_.*x_"n_+e_.*xSqrt[a_+b_.xx_"n_]),x_Symbol] :=
cxInt[u/ (c”2-axe”2+cxdxx*n) ,x] - axexInt[u/ ((c 2-axe”2+cxdxx”n)*xSqrt[a+b*x”n]),x] /;
FreeQ[{a,b,c,d,e,n},x] && EqQ[bxc-axd,0]

dx
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